
26 The computational model—and why it doesn’t matter

words, given a pair �A, b� where A is an m×n rational matrix and b is an m dimensional
rational vector, find out if there exists an n-dimensional vector x such that Ax = b.
The standard Gaussian elimination algorithm solves this problem in O(n3) arithmetic
operations. But on a Turing machine, each arithmetic operation has to be done in the
gradeschool fashion, bit by laborious bit. Thus, to prove that this decision problem
is in P, we have to verify that Gaussian elimination (or some other algorithm for the
problem) runs on a Turing machine in time that is polynomial in the number of bits
required to represent a1, a2, . . . , an. That is, in the case of Gaussian elimination, we
need to verify that all the intermediate numbers involved in the computation can be
represented by polynomially many bits. Fortunately, this does turn out to be the case
(for a related result, see Exercise 2.3).

1.6.1 Why the model may not matter

We defined the classes of “computable” languages and P using Turing machines. Would
they be different if we had used a different computational model? Would these classes
be different for some advanced alien civilization, which has discovered computation
but with a different computational model than the Turing machine?

We already encountered variations on the Turing machine model, and saw that the
weakest one can simulate the strongest one with quadratic slow down. Thus polynomial
time is the same on all these variants, as is the set of computable problems.

In the few decades after Church and Turing’s work, many other models of compu-
tation were discovered, some quite bizarre. It was easily shown that the Turing machine
can simulate all of them with at most polynomial slowdown. Thus, the analog of P on
these models is no larger than that for the Turing machine.

Most scientists believe the Church-Turing (CT) thesis, which states that every phys-
ically realizable computation device—whether it’s based on silicon, DNA, neurons or
some other alien technology—can be simulated by a Turing machine. This implies that
the set of computable problems would be no larger on any other computational model
that on the Turing machine. (The CT thesis is not a theorem, merely a belief about the
nature of the world as we currently understand it.)

However, when it comes to efficiently computable problems, the situation is less
clear. The strong form of the CT thesis says that every physically realizable computation
model can be simulated by a TM with polynomial overhead (in other words, t steps on
the model can be simulated in tc steps on the TM, where c is a constant that depends
upon the model). If true, it implies that the class P defined by the aliens will be the same
as ours. However, this strong form is somewhat controversial, in particular because
of models such as quantum computers (see Chapter 10), which do not appear to be
efficiently simulatable on TMs. However, it is still unclear if quantum computers can
be physically realized.

1.6.2 On the philosophical importance of P

The class P is felt to capture the notion of decision problems with “feasible” decision
procedures. Of course, one may argue whether DTIME(n100) really represents “feasi-
ble” computation in the real world since n100 is prohibitively huge even for moderate
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cursive functions. By functions we mean functions of one or more variables, hence,
what we usually call arithmetical operations are also functions. Arithmetical func-
tions are not only important examples of possibly computable objects, but also they
have a sufficiently rich structure. Thus it is possible to encode other computations
only using operations on natural numbers. In general we have to choose a suitable
domain for data. In the case of Turing machines the domain consists of sequences of
symbols, while the domain of recursive functions is the set of all natural numbers.

In logic it is very common to define a class inductively by saying that some
initial elements belong to the class and giving some operators that produce new
elements in the class. The class consists of those elements that can be produced in
this way. (Think of, say, proofs as defined by axioms and derivation rules.) Kleene,
as a logician, used this approach. He took some basic functions and considered
several operators producing new functions from given ones. The basic functions are
quite simple, such as the constant function 0, the successor function x + 1, etc.,
so they clearly should be considered computable. We can add other functions, for
example, addition and multiplication, that we surely consider computable, but it is
not necessary as the operators enable us to produce them from the basic ones. The
operators are also simple. In particular, we take the operator of composition (also
called substitution) of functions. Having two functions f and g of one variable, we
may first apply f to the input number and then apply g to the value produced by f .
The resulting function is the composition of f and g. We may also compose binary
functions. Thus we can get, for example, the function x + yz from addition and
multiplication.

If we started with the basic arithmetic operations (addition, multiplication and
constants) and only used composition we would only obtain the functions that can
be expressed by algebraic terms (polynomials). Therefore, we need more operators.
Another basic operator is the operator of recursion. The name ‘recursive functions’
comes from this operator, but it is misleading, as this operator is still too weak to
produce all computable functions. A special case of it is the operator of iteration,
by which we compose a function with itself a given number of times. The most
powerful operator is the minimization operator. It allows us to search for the smallest
number satisfying a condition.

We can imagine recursive functions as follows. We expand our “algebraic” lan-
guage by taking more operators on top of the composition. Having a sufficiently
powerful set of basic functions and operators enables us to define all computable
functions by an expression in this language.

A formal definition of recursive functions is in Notes.

The Church-Turing Thesis

Having definitions of computable functions the next natural question is how good
these definitions are. What seems clear is that each of the definitions only describes
functions that can be (at least in principle) computed. But do these concepts (Turing
machines, programs, recursive functions, etc.) cover all computable functions? This

Pudlak 2013
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is the same kind of a property that we studied in logical calculi and called complete-
ness, but here we have a problem: we do not have a class of functions that we would
consider as the computable functions and that would be defined independently of
a concrete computational model. We do not have a purely semantical definition of
computable functions. We do have a fairly clear idea about computable functions
and all the computation models are in good agreement with it, (the idea is that a
computation should use a finite number of elementary operations), but to make this
idea precise we have to opt for one of the computation models. Before we choose
one, it is, surely, worthwhile to compare them. In particular, is the class of numeric
functions computable by Turing machines the same as the class of recursive func-
tions? I have already said that all algorithms can be done on Turing machines, so
it should not come as a surprise that the two classes coincide. In fact, if you think
about these concepts, after a while you will realize that they are not so different as
they appear at first glance. If you try to implement algorithms on a Turing machine
you will soon realize that a programming language for it would be handy. That is
exactly like asking for a higher level language instead of a machine code for your
computer. So isn’t a Turing machine rather a primitive programming language? In
some sense it surely is. It is a programming language with a single data structure
which is a linear array and a single pointer whose position can be incremented or
decremented only by one. If you analyze it more, you may find an even closer cor-
respondence, for example, the program lines correspond to the state of the control
in the Turing machine, etc.

What about recursive functions? Also this definition can be interpreted as a kind
of a programming language. It is a programming language for computations with
natural numbers. It has some simple functions as primitive concepts, as most pro-
gramming languages do. Then it has certain operators that we can interpret as possi-
ble constructions that can be used in a program. One of these is composition, that is
used to form terms; this is also available in most programming languages. Another
is recursion, again this construction is very common in programming languages. It
helps when writing very short programs, but professional programmers try to avoid
it whenever possible, as it does not give them good control of the computation. Min-
imization is not present in programming languages as a basic construct (it gives even
less control of what is going on during the computation), but it can be programmed
easily. On the other hand, iteration corresponds to a simple loop in a program and
this is the most frequent construction.

Such mutual interpretations were found not only for the aforementioned three
concepts, but for all that had been proposed. This is not a proof, but sufficiently
good evidence that the concepts have been chosen correctly. The claim that these
concepts characterize computable functions is called the Church-Turing Thesis (al-
though neither Church nor Turing stated the thesis precisely in the way it is pre-
sented nowadays).

Can the Church-Turing Thesis be proved or disproved? Firstly, it cannot be
proved or disproved as a mathematical statement because it is not a mathemati-
cal statement. It relates mathematical concepts to part of our practical experience
for which we do not have a rigorous definition. Theoretically, it is possible that
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somebody might come up with a programming trick, an operator on functions, etc.
that we would like to call computable but that would not be covered by the current
definitions of computations. In such a case we would have a reason to abandon the
thesis, but strictly speaking this would not be disproving. Considering the years of
experience with programming, such a possibility is almost excluded.

The only way to make this thesis a little more formal statement is to interpret
it as a postulate in physics. It perfectly makes sense to take the current physical
theories and look whether the phenomena there have a computable nature and how
they can be used for computations. The conjecture that all physically computable
functions are computable on Turing machines, or their equivalents, is called the
Physical Church-Turing Thesis. This question has been studied and lead to the new
concept of quantum computing. Quantum Turing machines are a new important
concept and it seems that they can solve some problems faster than classical Turing
machines (as we will see in Chap. 5), but when computational complexity is ignored,
the two models are equivalent. This is not a proof, but a strong evidence that the
Physical Church-Turing Thesis cannot be disproved using quantum theory.

Naturally, also general relativity was used in the attempts to refute the Physical
Church-Turing Thesis. There the situation is less clear. There are enthusiasts who
believe that some likely occurring phenomena, such as black holes, can be used to
solve problems that are not computable on Turing machines, others are more scep-
tical. In any case, this is only a theoretical discussion; nobody believes that such
schemes can ever be used to help people compute. This is in contrast with quantum
computing, where several teams of experimental physicists are working on con-
structing quantum computers. Nevertheless, the research into relativistic computa-
tions is extremely important because it concerns the fundamental question of what
can physically be computed. (For more about it, see Notes.)

It has also been suggested that a noncomputable function could be encoded in
fundamental physical constants. For example, the decimal digits of some constant
could define a noncomputable set. If there also were a way to measure the value
of the constant with arbitrary high precision, we would obtain a refutation of the
Physical Church-Turing Thesis. In the most optimistic scenario we would also know
that the digits of the constant encode a particular noncomputable set and we could
use it to decide Church-Turing undecidable problems.

It should be noted that the Physical Church-Turing Thesis is meaningful only if
the universe is infinite, which we still do not know. If space and time were finite,
then there could only be finite computations. In such a case the fundamental role
of computability would be replaced by the role of computational complexity. But I
believe that computational complexity is equally important for physics even if the
universe is infinite.

The Syntax and the Semantics of Computations

The distinction between syntax and semantics is essentially the same as in logic.
Syntax is (descriptions of) Turing machines and programs in programming lan-
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