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34.3  NP-completeness and recucibility 1069

0/1 outpul

Figure 34.9  The sequence of configurations produced by an algorithm 4 running on an input x and
certificate y. Each configuration represents the state ol the computer for one step of the computation
and, besides 4, x, and y, includes the program counter (PC), auxiliary machine state, and working
storage. Except for the certificate y, the initial configuration cg is constant. A boolean combinational
circuitl 84 maps each configuration to the nex! configuration. The output is a distinguished bit in the
working storage.

certificate is O(n*). (The running time of A is actually a polynomial in the total
input size, which includes both an input string and a certificate, but since the length
of the certificate is polynomial in the length # of the input string, the running time
is polynomial in n.)

The basic idea of the proof is to represent the computation of A as a sequence
of configurations. As Figure 34.9 illustrates, consider each configuration as com-



COMPUTERS, COMPLEXITY, AND INTRACTABILITY

sifications, and the bandersnatch department is already 13 components
ind schedule. You certainly don’t want to return to his office and re-

“Ican’t find an efficient algorithm, | guess I’m just too dumb.”'

To avoid serious damage to your position within the company, it would
much better if you could prove that the bandersnatch problem is in-
:ntly intractable, that no algorithm could possibly solve it quickly. You
1 could stride confidently into the boss’s office and proclaim:

‘I can’t find an efficient algorithm, because no such algorithm is possible!

Unfortunately, proving inherent intractability can be just as hard as
ing efficient algorithms. Even the best theoreticians have been stymied
heir attempts to obtain such proofs for commonly encountered hard
lems. However, having read this book, you have discovered something

1.1 INTRODUCTION 3

almost as good. The theory of NP-compieteness provides many straightfor-
ward techniques for proving that a given problem is “‘just as hard’ as a
large number of other problems that are widely recognized as being difficult
and that have been confounding the experts for years. Armed with these
techniques, you might be able to prove that the bandersnatch problem is
NP-complete and, hence, that it is equivalent to all these other hard prob-
lems. Then you could march into your boss’s office and announce;

ML LY L

‘I can’t find an efficient algorithm, but neither can all these famous people.”

At the very least, this would inform your boss that it would do no good to
fire you and hire another expert on algorithms.

Of course, our own bosses would frown upon.our writing this book if
its sole purpose was to protect the jobs of algorithm designers. Indeed, dis-
covering that a problem is NP-complete is usually just the beginning of
work on that problem. The needs of thz bandersnatch department won't
disappear overnight simply because their problem is known to be NP-
complete. However, the knowledge that it is NP-complete does provide
valuable information about what lines of approach have the potential of be-
ing most productive. Certainly the search for an efficient, exact algorithm
should be accorded low priority. It is now more appropriate to concentrate
on other, less ambitious, approaches. For example, you might look for
efficient algorithms that solve various special cases of the general probiem.
You might look for algorithms that, though not guaranteed to run quickly,
seem likely to do so most of the time. Cr you might even relax the prob-
lem somewhat, looking for a fast algorithm that merely finds designs that
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384  CHAPTER 9/ INTRACTABILITY

We make two assumptions about TM M in defining the notion of a tableau.
First, as we mentoned in the proof idea, M accepts only when its head is on
the lefamost tape cell and that cell contains the L symbol. Second, once M has
halted, it stays in the same configuradon for all future time steps. So by looking
at the leftmost cell in the final row of the tableau, cell[t(n), 1], we can determine
whether M has accepted. The following figure shows part of 2 tableau for M on
the input 0010.

123 t(n)

ey} L0 uf m confguasion
secon tion.

-
o
c
14
[
C
.

|on

cellft(n),1] -
(aocept HRE

t(n)th configuration

FIGURE 9.31
A tableau for M on input 0010

The ontent of each cell is determined by certain cells in the preceding row.
If we know the values ar cell[i — 1,7 — 1, cell[i — 1, 4], and eellfi — 1, + 1], we
can obtain the value at cellfi, j] with M’ transition function. For example, the
following figure magnifics a portion of the tableau in Figure 9.31. The three tap
symbols, 0, 0, and 1, are tape symbols without states, so the middle symbol must
remain a 0 in the next row, as shown.

0|01
0

Now we can begin to construet the circuit C,. It has several gates for each
cell in the tableau. These gates compute the value at a cell from the values of the
three cells that affect it.
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9.3 CIRCUIT cOMPLEXITY 385

To make the construction easier to describe, we add lights that show the out-
put of some of the gates in the circuit. The laghts are for illustrative purposes
only and don’t affect the operation of the circu.t.

Let k be the number of elements in T' U (@ x T'). We create k lights for
each cell in the wbleauv—one light for each member of T, and one light for each
member of (Q x I'}—or a total of kt?(n) lights. We call these lights lightli, j, 5],
where 1 <4,§ <t(n) and s € TU (Q x I'). The conditon of the lights in 2
cell indicates the contents of that cell. If light[:, j, 5] is on, celi[i, j] contains the
symbol s. Of course, if the drcuit is constructed properly, only one light would
be on per cell.

Let’s pick one of the lights—say, light[i, 4, 5] in cell[i, 7). This light should be
on if that cell contains the symbol s. We consider the three cells that can affect
cellfi, j] and determine which of their settings zause cell[i, 5] to contain s. This
determination can be made by examining the transition function é.

Suppose that if the cells cell[i — 1,5 — 1], c2ll[i —1,j], and cell[i — 1,5 + 1]
contain a, b, and ¢, respectively, cellfi, 5] contaixs s, according to §. We wire the
drcuit so thatif light[i — 1,7 —1,a], lght[i — 1, 7,b], and lght[i ~ 1,5 + 1,
are on, then so is light[t, 5, s]. We do so by connectng the three lights at the
i— 1level to an AND gate whose output is connected to light[i, j, s].

In general, several different settings (a1,b1,21), (a2, b2, ¢2),- .., (a,bs,¢r) of
cellfi— 1,7 — 1], celi[i — 1, 5], and cell[i — 1,3 + 1] may cause cell[i, 5] to contain
s. In chis case, we wire the circuit so that for each setting a;, b, ¢;, the respective
Lights are connected with an AND gate, and all the AND gates are connected with
an OR gate. This circuitry is illustrated in the following figure.

060

FIGURE 9.32
Circuitry for one light
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